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1. Preliminaries
Let I be free involution on complex projective space CP(2m + 1) of dimension 2m + 1 acting on
homogeneous coordinates as [5]
I: [t0, t1, . . . , t2m, t2m+1] = [−t¯1, t¯0, . . . ,−t¯2m+1, t¯2m]
and let CP(m,I) be the quotient space.
Note that CP(∞,I) =⋃CP(m,I) = BN , the classifying space of the normalizer of U (1) in Sp(1).
The following ﬁbration with ﬁber RP2 is induced by the inclusion N ⊂ Sp(1)
RP2 → CP(∞,I) p→ HP (∞)
and is the projective bundle of the universal Spin(3) bundle
Λ → B Spin(3) = BS3 = HP (∞). (1)
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Λ: ghg−1, g ∈ Sp(1), h ∈ R3 = {pure quaternions}.
The pullback bundle of Λ by p∗ splits as the Whitney sum of a plane bundle λ and the line bundle
ρ∗(θ), where ρ = N/U (1) = Z/2, and θ → BZ/2 is the canonical Z/2 bundle:
p∗(Λ) = λ + ρ∗(θ),
with representations, respectively
λ :N ⊃ U (1)  z → z2; N  I→
(
0 1
1 0
)
,
ρ∗(θ) :N ⊃ U (1)  z → 1; N  I→ −1.
Then we can consider the diagonal action of I = (I,I) on the product of complex projective
spaces. Let us write for a short
CP(m,n) = CP(2m + 1) × CP(2n + 1)
and the corresponding orbit space as
CP(m,n,I) = CP(2m + 1) × CP(2n + 1)/(I,I).
Note
CP(∞,∞,I) = BG, where G = {U (1)2, ( j, j)}⊂ Sp(1)2.
The following ﬁbration with ﬁber the Grassmann manifold
G2
(
R4
)= S2 ×−1 S2
is induced by the inclusion G ⊂ Sp(1)×2
G2
(
R4
)→ CP(∞,∞,I) p→ HP (∞) × HP (∞)
and is the Grassmann bundle of the canonical Spin(4) bundle
ζ1 ⊗H ζ ∗2 → B Spin(4) = BSp(1) × BSp(1).
The pullback bundle splits as Whitney sum of plane bundles
p∗
(
ζ1 ⊗H ζ ∗2
)= μ + ν, (2)
where ζi → B Sp(1)×2 is the pullback bundle of the canonical Sp(1) bundle ζ by the projection on
i-th factor.
We have the following vector bundles over BG
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(
zi 0
0 z¯i
)
; G  I→
(
0 1
−1 0
)
;
μ :G ⊃ U (1)×2  (z1, z2) → z1z2; I→
(
0 1
1 0
)
; (3)
ν :G ⊃ U (1)×2  (z1, z2) → z1 z¯2; I→
(
0 1
1 0
)
. (4)
Consider the map
ρ : BG → BZ/2,
induced by G → G/U (1)2 = Z/2. The later factors through N → N/U (1) = Z/2 hence the pullback
ρ∗(θ) of the canonical Z/2 bundle θ → BZ/2 coincides with the real line bundle associated with
double covering
q : BU (1)×2 → BG. (5)
We have the following bundle relations over BG:
μ ⊗R ρ∗(θ) = μ, ν ⊗R ρ∗(θ) = ν, det(μ) = det(ν) = ρ∗(θ); (6)
p∗(ζi) ⊗R ρ∗(θ) = p∗(ζi), i = 1,2; (7)
and clearly
q∗(μ) = r(ξ1 ⊗C ξ2), q∗(ν) = r(ξ1 ⊗C ξ¯2), (8)
where ξi → BU (1)×2 is the pullback of the canonical U (1) bundle by the projection on i-th factor,
and r denotes realization.
Similarly we can consider the diagonal action of I on the product of n-number of copies of pro-
jective spaces and write the corresponding orbit space as
CP(k1, . . . ,kn,I) = CP(2k1 + 1) × · · · × CP(2kn + 1)/(I, . . . ,I).
The homotopy type of CP(m,I) was studied in [7] where the author calculated the additive
structures of singular cohomology and complex and real K -theory. In [2] for the reason of certain
connection with two valued formal group laws the authors calculated the complex K -theory and
complex cobordism of CP(m,n,I).
The space CP(k1, . . . ,kn,I) played role in the theory of self-adjoint cobordism in the works of
R. Nadiradze [5] and V.M. Buchstaber [3]. Previously it was known by Floyd that Im(Ω∗SC → Ω∗O ) ⊂
P4, the image of self-adjoint cobordism in non-oriented cobordism, where P is the subring in Ω∗O
generated by certain subset of generators [Mk], k 
= 2q − 1. To prove that actually Im(Ω∗SC → Ω∗O ) =
P4, Buchstaber and Nadiradze constructed geometric realizations of Stong Manifolds and indicated
speciﬁc generators in this image. For details the reference is [6].
Our aim is to compute the cohomology rings of these spaces. We are particularly interested in the
explicit ring structure. Thus we are led to consider Frobenius reciprocity of the transfer, the relation
between cup product and transfer
Tr∗q(x)y = Tr∗q
(
xq∗(y)
)
,
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q :CP(2k1 + 1) × · · · × CP(2kn + 1) → CP(k1, . . . ,kn,I)
is the double covering and
Tr∗q : H∗
(
CP(2k1 + 1) × · · · × CP(2kn + 1)
)→ H∗(CP(k1, . . . ,kn,I))
is the associated transfer homomorphism [1,4].
2. Modulo 2 cohomology rings
For the ﬁbration
RP2 → CP(m,I) p→ HP (m) (9)
consider Serre spectral sequence in mod 2 cohomology
Ei, j2 = Hi
(
HP (m), H j
(
RP2,Z/2
)) ⇒ Hi+ j(CP(m,I),Z/2). (10)
As we mentioned above (9) is the projective bundle of the universal Spin(3) bundle (1), hence
p∗ is the monomorphism on the direct summand. Then the Stiefel–Whitney classes w1(ρ∗(θ)) and
w4(p∗(ζ )) are permanent cycles. Moreover, by dimensional arguments the spectral sequence collapses
and
H∗
(
CP(m,I),Z/2
)= H∗(HP (m),Z/2)⊗ H∗(RP2,Z/2).
Now let us consider CP(m,n,I) and equate the Stiefel–Whitney classes in (2)
(
1+ w1(μ) + w2(μ)
)(
1+ w1(ν) + w1(ν)
)= 1+ w4(p∗(ζ1))+ w4(p∗(ζ2)).
Thus we get
α3 = 0, α2β + β2 + x1 + x2 = 0, (11)
where α = w1(μ), β = w2(μ), xi = w4(p∗(ζi)).
Now let
π1i : CP(k1, . . . ,kn,I) → CP(k1,ki,I), i = 2, . . . ,n,
and
βi = π∗1i(β), x j = π1 j(x j), j = 1, . . . ,n.
Using these notations we have
Theorem 2.1.
H∗
(
CP(k1, . . . ,kn,I),Z/2
)
= Z/2[α,β2, . . . , βn, x1, . . . , xn]/
(
α3, β2i + α2βi + x1 + xi, xk j+1j
)
,
where |α| = 1, |βi | = 2, and |x j | = 4.
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CP(2kn + 1) → CP(k1, . . . ,kn,I) → CP(k1, . . . ,kn−1,I)
Leray–Hirsch theorem as (3), (4) and (8) suggest.
This implies that H∗(CP(k1, . . . ,kn,I),Z/2) is free H∗(CP(k1, . . . ,kn−1),Z/2) module generated by
ui ∈ H2i(CP(2kn + 1),Z/2). But the latter itself is free H∗(HP (kn),Z/2) module generated by u by
Leray–Hirsch theorem again for the ﬁbration CP(2kn + 1) → HP (kn). This gives the additive structure.
The relations for n = 2 are given by (11) and for n > 2 are induced by the projections on CP(k1,ki,I),
i = 2, . . . ,n. 
3. Integral cohomology rings
Now for the integral case we need the following
Lemma 3.1. 2Tor H∗(CP(k1, . . . ,kn,I),Z) = 0.
Proof. Note that for the transfer map Trq of (5) one has Tr∗q(1) = 2 in integral cohomology. Then if a is
from the torsion part then a ∈ ker q∗ as H∗(CP(k1, . . . ,kn),Z) is torsion free. By Frobenius reciprocity
of the transfer we have
2a = a Tr∗q(1) = Tr∗q
(
q∗(a)
)= 0. 
Then it follows from the Borel theorem that H∗(CP(k1, . . . ,kn,I),Z/p) for odd prime p is the
subring in H∗(CP(k1, . . . ,kn)Z/p) invariant under the involution which acts by −1. On the other hand
it is convenient to use the transfer homomorphism. Let us write for a short
A = H∗(HP (k1, . . . ,kn),Z)= Z[x1, . . . , xn]/(xk1+11 , . . . , xkn+1n ),
and let
H∗
(
CP(k1, . . . ,kn),Z
)= Z[u1, . . . ,un]/(u2(k1+1)1 , . . . ,u2(kn+1)n ).
Then for mod p cohomology ring one has
Proposition 3.2. H∗(CP(k1, . . . ,kn,I),Z/p) is free A ⊗ Z/p module generated by 1 and Tr∗q(ui1 . . .ui2 j ),
where i1 < · · · < i2 j and the ring structure is determined by the Frobenius reciprocity of the transfer taking
into account q∗(xi) = −u2i and Tr∗q(1) = 2.
Then for integral cohomology ring we have to compute Z/2 Bockstein homomorphism and apply
Lemma 3.1 and Proposition 3.2. This determines the additive structure. Suﬃciently long list of the
relations can be read off by the following relations [2] on Chern classes which follow from (2), (6)
and (7).
Proposition 3.3. H∗(CP(k1,k2,I),Z) = Z[c, e, c2, x1, x2]/R, and the ideal R is generated by 2c = 0, 2e = 0,
c2 = 0, ce = 0, e2 = cc2 , cc2 = cx1 + cx2 , ec2 = ex1 + ex2 , c22 − (2x1 +2x2)c2 + (x1 − x2)2 = 0, xk1+11 , xk2+12 ,
where
c = c1
(
ρ∗(θ) ⊗ C),
e = e(ρ∗(θ) + μ12), the Euler class,
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xi = c2
(
p∗(ζi)
)
.
Proof. We ﬁnd it more convenient to reformulate the generators and relations of dimension 4∗ as
follows. Remark Sq1 is the Z/2 Bockstein homomorphism and given by Sq1wk = w1wk +(k−1)wk+1.
In our case we have that Sq1(α) = α2 and Sq1(β2) = αβ2 are integral. These come from the Euler
classes c and e of the orientable bundles as above. Consider the transfer homomorphism Tr∗ = Tr∗q for
the double covering q of (5). Then as u1u2 = u1(u1 + u2) + u21 we have in mod 2 cohomology that
Tr∗(u1u2) = Tr∗(u1)β2 + Tr∗(1)x1 by Frobenius reciprocity
= α2β2 as Tr∗(ui) = α2 and Tr∗(1) = 2
= β22 + x1 + x2 by Theorem 2.1.
Then for c2 we have by deﬁnition c2 = β22 modulo 2 and in integral cohomology q∗(c2) = −u21 −
u22 − 2u1u2. This implies that in integral case we have
Tr∗(u1u2) = x1 + x2 − c2.
The relations now follow from Frobenius reciprocity of the transfer again. For instance
c Tr∗(u1u2) = Tr∗
(
q∗(c)u1u2
)= Tr∗(0u1u2) = 0,(
Tr∗(u1u2)
)2 = Tr∗(u1u2 · q∗(Tr∗(u1u2)))= Tr∗(2u21u22)
= Tr∗(2)x1x2 = 4x1x2. 
By the same arguments and Theorem 2.1 one can detect the integral elements c, e2, . . . , en and
the relations in the torsion of H∗(CP(k1, . . . ,kn,I),Z). If a is one element from the following list
c, e2, . . . , en , then
a Tr∗(b) = Tr∗(q∗(a) · b)= Tr∗(0 · b) = 0.
The free part is detected by Proposition 3.2 as indicated before. The relations are given by reciprocity
of the transfer. For instance
Tr∗(u1u2)Tr∗(u1u3) = Tr∗
(
u1u2 · q∗
(
Tr∗(u1u3)
))
= Tr∗(2u21 · u2u3)= −2x1 Tr∗(u2u3);
Tr∗(u1u2)Tr∗(u3u4) = Tr∗
(
u1u2 · q∗
(
Tr∗(u3u4)
))
= Tr∗(2u1u2u3u4) = 2Tr∗(u1u2u3u4).
Thus we have the following statement:
Theorem 3.4. H∗(CP(k1, . . . ,kn,I),Z) is generated by c, e2, . . . , en,Tr∗q(ui1 . . .ui2 j ), where i1 < · · · < i2 j
and the ring structure is determined by 2c, 2ei , cei , e2i = c(x1 + xi), c · ImTr∗q , e · ImTr∗q , xk1+11 , . . . , xkn+1n , and
relations in ImTr∗q which follow by Frobenius reciprocity of the transfer and q∗(xi) = −u2i and Tr∗q(1) = 2.
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